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Mathematical Induction

INTRODUCTION: STORY TIME

A budgie flew in the window of the classroom and landed on Grant’s shoulder, turned to the class and
said: If I’'m blue, then the next budgie that flies in the window is blue.

Another budgie flew in the window of the classroom and landed on Rachel’ s shoulder, turned to the
classand said: If I’'m blue, then the next budgie that fliesin the window is blue.

Another budgie flew in the window of the classroom and landed on Matthew’ s shoulder, turned to the
classand said: If I’'m blue, then the next budgie that fliesin the window is blue.

And this continued.

(All these budgies have been trained to talk and they all tell the truth.)

Discussion: Areall the budgies blue ?

Demonstration: The domino effect

Examples
1. Sumofaseries (HSC 1991)
Use mathematical induction to prove that, for all positive integers n,
1+2+4+4+ .. +20-1 =2n_1

2. Divisbility (HSC 1985)
Use the Principle of Mathematical Induction to prove that 5" + 2(11") isamultiple of 3 for al

positive integers n.

3. Inequality (Franklin, Preece & Grunseit)
Prove by the Principle of Mathematical Induction that 2" > n2 for all n> 4.

4. Formulafor "C_ (Standard bookwork for the

3 Unit course)

Prove by the Principle of Mathematical Induction that:
nin-1)(n- 2)...(n-r +1)
"C, = P
12 3 ..

for 1 <r<n (proof of binomial coefficients). It can be assumed that you have aready proved
that "C, = ™IC _, + ™IC, for 1<r <(n-1).

5. Factorisation formula
Prove by the Principle of Mathematical |nduction that:
Xn — Cn
= (X —C)(X" L+ x"2c + ... + xC2 + ¢

for al positive integers n.

6. Harder 3 Unit topicsin the 4 Unit course
(4 Unit Syllabus)
(8 Provethat the angle sum of an n-sided figureis equal to (2n—4) right angles.
(o) A sequence{u.} issuch that
Uneg = BUp,p —SU

n+1’ and ul = 2, u2 = 6

Provethat u,=5%1+ 1.
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(c) Question 8in 4 Unit HSC 1985
(i) Show that for k3 O,

2k + 3> 2{(k +1)(k +2)}.

(i)  Henceprovethat for n3 1,

1 1 1
1+-5+~/§-|-1/4+'ﬁ>2["/(n +1)-1].

Qo=
-

I
-

k

(iii) Isit atrue statement that, for all positive integers N, < 10102

Give reasons for your answer.

(d) Question 8in 4 Unit HSC 1981
Using induction, show that for each positive integer n there are unique positive integers p,,

and g,, such that
@) = P+ dy
2 2
Show alsothat Pn = 290 = (—q)n,

4 Unit applications
Prove De Moivre' s theorem
(cos  +isin )" =cos nq+isin nq

for positive integers n, and for negative integers n.

Just for fun (3 Unit HSC 1972, Question 9)
(@ Write down an expression for cos (a+ b) and hence prove that cos (2q) = 1 —2sin?q.
(b) Prove theidentity

cosy - cos(y +2q)
2sinq

= sin(y +q).

(c) Usemathematical induction and the result of part (b) to prove the identity:

singq+sin3g+sin5g+ ... +sin(2n-1)q
_ 1-cos2nq

B 2sinq

More fun (3 Unit HSC 1984, Question 7)
Itisgiventhat A >0, B>0and n isapositive integer.
(@ Divide A™1—AMB + B™1_BnA

by A-B, and deduce that

Al 4+ B+l > ANB + BNA,

(b) Using (a), show by mathematical induction that
A +B( £ A" +B
2 @ 2
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Solutions
Example 1
1+2+4+ .. . +20-1 =2n_1
for al positive integers n.
(@) Provetruefor n=1.
LHS=1
RHS=21-1=1=LHS.
Truefor n=1.
(b) Assumetruefor n=k, thatis,
1+2+4+ .. +2k-1 = ok_q
then provetruefor n=k + 1, thatis, prove
1+2+4+ .. +26-142k = 2k+1 1
Proof: LHS = 1+2+4+ . +2k-14 2K
= K—1+2¢
= 2.2k-1
2k+1_1
= RHS.

(c) If the statement istruefor n=Kk, thenitisalsotruefor n=k + 1. Since the statement istrue
for n=1, it followsthat it must also be true for n = 2; and sinceit istruefor n=2, it must

also betruefor n=3; and so on. Therefore the statement is true for al positive integers n.

Example 2
Provethat 5" + 2(11") isamultipleof 3 for all positive integers n.
(@) Provetruefor n=1.
5!+ 2(111) = 27 which isamultiple of 3,
\ truefor n=1.
(b) Assumetruefor n=k, thatis,
5K+ 2 (11X =3Qwhere Q e,
then provetruefor n=k + 1, that is, prove
Bk+142(11%*1) =3Q where Q eJ.
Proof: 5k+1+4211k+1
=55 +211.11%
=55k+5211k-5.211k=211.11k
= 5 (5% + 2.11K) — 10.11% + 22.11K
=5.3Q + 12.11k
=3(5Q + 4.11%)
=3Q', where Q' =5Q + 4.11%.
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(c)

Now Q' eJ, since 5, Q, 4, 11 and K eJ and the set of integers Jis closed under addition and
multiplication.

Same conclusion as Example 1.

Example 3

Prove 2" > n2for dl integral n> 4.

(@)

(b)

(€)

Provetruefor n=5.
LHS=2=32
RHS=52=25
LHS> RHS.

\ truefor n=5.

Assumetruefor n=Kk, that is, 2k > k2, then provetruefor n=k + 1, that is, prove 2<*1 > (k +

1)2.
Proof: 2k > k2
2.2« > 2Kk?
2k +1 > k2 + k2_
But k2 > 2k+1, fork3 3,
(can be demonstrated graphically)
\ 2k+1 > k2+2k+1, fork3 3,
\ 2k+1 > (k+1)% fork3 3.

If the statement istruefor n=Kk, thenitisasotruefor n=k + 1.
Since the statement istrue for n =5, it follows that it must aso betruefor n=6; and sinceit is
truefor n =6, it must also betruefor n=7; and so on.

Therefore the statement istrue for al positive integral n > 4.

Example 4
Prove "C, _ n(n- 1),(n-, 2),...(17- r +1)
1 2 3 ...r
forl<r<n.
We will assume that
"C, =1, "C =1, "Cr=m1C_,+"™IC,

have been proved (refer to page 84 of the syllabus).

(@)

Prove true for n = 2.

(1+x)? =1+2x+x2
=2C,+ 2Cx +2Cx2

C,=1, C,= =2, C,=1,

\ the statement istruefor n= 2.
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(b) Assume the statement istrue for n=k — 1
kic = ko D(k-2)..(k-r)
T PN )
1 2 3...r

then provetruefor n=Kk, that is, prove

kG = k(k-1)(k- 2)...(k-r +1)
' 17273 ...0r '
Proof:
K1 _ (k- D(k-2)...(k-1)
& = 1723 .. r
k-1 (kK- D(k-2)...(k- r+1)
_Cr—l = ,

17273 .. (r-1)
But K-IC,_, +*1C, = C,
kg = (k- D(k-2)..(k- 1 +1)
1" 273 ...7(r-1
, (k- D(K-2)..(k- 1 +1)(k-T1)
17273 ..@r-1)"r
_ (k- D(k-2)(k-r+1)E (k- 10
rT172°3 .. (-1 8 ro @
(kK- D(k-2)...(k- r+1) &(r +k- 1) Q
1 2°3 .. -1 & @
K(k - 1)(k- 2)...(k-r +1)
17273 .- r
=RHS.

\ kC

() If thestatementistruefor n=k -1, thenitisasotruefor n=k. Sinceitistruefor n=2, it
must also be true for n = 3; and so on. Therefore the statement is true for positive integers n.

Foecial cases
1c,=1, C,=1,"C,=1, "C,=1

\ "C=——, forlfr £n,
" (n-r)tr!

and all positive integersn.

Example 5
Prove that, for all positive integers n,
(x"=cM =(x—0c) (X" +x"2c + ... + xc2 + ¢ D),
(@) Provetruefor n=1.
LHS =x-c
RHS =x—c, since x — ¢ cannot be factorised.

Provetruefor n=2.

LHS =x?-c?

RHS =(x-c) (x+cC)
=x2—-c2=RHS

Trueforn=2.

(b) Assumetruefor n=k,



Mathematical Induction

that is, (X< —ck)
=(x—C) (X1 +xk2c+ ...+ xck2+ kD),
then provetruefor n=k + 1,
that is, prove (xk*1 — ck+1)
=(X—C) (XK +xkTc+ ... +xckL+cv).
Proof:
LHS :Xk+1_ck+1
:Xk+1_XkC+Xk C_Ck+1
=xK (x—c) + ¢ (xk—cK)
=xk(x=c)+c(x=c) (X<~ 1+xk-2¢+0
+xC k=2 + ck-1)
= (X —C) (XK + xk=1c+xk-2¢c2+0
+xck=1 + ¢k
=RHS.
(c) Conclusion:

Similar to Example 1, but commencingat n = 2.

Example 6(a)
Prove that the angle sum of an n—sided figure is equal to 2n —4 right angles.
(& Provetruefor n=3.
The angle sum of atriangle = 180° = 2 right angles.
2n—4=2x3-4=2,
\ truefor n=3.
(b) Assumetruefor n=k,
that is, the angle sum of a k—sided figure
= (2k — 4) right angles.
Then provetruefor n=k + 1, that is,
prove the angle sum of a (k + 1) — sided figure

= (2k — 2) right angles.
Proof:
Toforma(k + 1) — sided figure from a k—sided figure, replace one side by another two:

Angle sum of (k + 1) —sided figure = angle sum of k—sided figure + angle sum of triangle
= (2k — 4) right angles + 180°.

Angle sum of (k + 1) - sided figure
= (2k — 4 + 2) right angles
= (2k — 2) right angles.

(c) If the statement istruefor n=k, thenitistruefor n=k + 1. Sinceitistruefor n= 3, it
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follows that it must be true for n = 4; and so on.

Therefore the angle sum of an n—sided figureis equal to (2n —4) right anglesfor all n3 3.

Example 6(b)
A sequence (u,) issuch that u,,,=6u,,,—5u,,,andu, =2, u,=6. Provethat u, = 5" + 1.

(@) Provetruefor n=1.
591+1 =5°+1
=1+1=2
u, =2, given,
\ truefor n=1.
Provetruefor n=2.
571+1 =5+1=6.
u, =6, given,
\ truefor n=2.
Provetruefor n=3.
u, =5%1+1
=52+1=26.
u; =6u,—5u;
=6¥ 6-5¥2
=36-10=26
\ truefor n=3.

(b) Assumetruefor n=k,n=k+1,n=k+2,
thatis, u, =5<'+1,u.,, =5 +1,u,, =51+ 1
Then provetruefor n=k + 3,
that is, prove u,,; =52+1.

Proof:
Uz = BU o — SUy,.
=6 (51 +1)—5(5<+1)
=6.5k*1 + 6 — 5.5k - 5
= 6_5k+1 _ 5k+1 + 1
=5.5k+1 4+ 1
= 5k*2 + 1 = RHS.

() If the statementistruefor n=k, n=k + 1, and
n=k+ 2, itasotruefor n=k + 3. Since the statement istruefor n=1,n=2,and n=3, it
follows that the statement istrue for n = 4, and so on. Therefore the statement is true for all

positive integers n.

Example 6(c)
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(i) 2k+3>24(k+1(k+2) for k3 0.
(2k+3)2-4k+1)(k+2
=4k?2+ 12k + 9-4k?2-12k -8
=1,
\ (2k+3)2>4(kk+1)(k+2). (D)
For k3 0, 2k+3>0,and (k+ 1) (k +2) >0.
So taking the positive square root of both sides of (1):

(2k +3) > 2/(k +1) (k +2).

(i) Prove, by induction, for n3 1:
1 1 [-Jn +1- l]
1+— +—F4=+° +—>2
2B Jn

(@) Provetrueforn=1.
LHS =1

2[~/; 1]<2[1-42 - 1]

<0.84
<1,

\  truefor n=1.

(b) Assumetruefor n=k,
1+¥L+¥L+%+—L>2[k+1-1]
thatis, V2 2 Ak

then provetruefor n=k + 1,

that is, rove1+i +i <
P 2z f +1
2[4k+2-1]
Proof. LHS >2[ k+l'l] g
' Yk +1
_2(k+1)- 2k t1+1
Jk+1
_2k+3- 2Jk+1 2Jk+1
-,/k+
But 2k +3>2 J/(k +1)(k +2) [part (i)]
2k +3 - 2.Jk+1
\
Jk+1

2 J(k+1)(k +2) - 2Jk +1
>
Jk+1

\ >240k+2 =2
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\

>2['\/k +2 - l]
k+1

3 L >2[\/k +2-1
a {r ]
\ r=1

(c) Conclusion: The same as Example 1.
o 1
aj .
iii) Isthe statement «=t < 10% true for all positiveintegers N ?
N
o 1
a I 2['»/N +1- 1]
k=1 > .
Is the number N such that
10 :2[JN +1- 1]?
10 10
YN +1 :T +1,
@o® ¢
N :Q_+l+ -1,
e 2 7]
20 10 62
\ when N=¢c—+1+ -1
g 2 7]
o 1 10
—= >10
ax
k=1 .
So the original statement is not true.
Example 6(d)

pn!qne\]y prove that (l+/£) =p,+dq,.

(@)

(b)

Provetruefor n=1.

(1+"/2_): 1++2

whichisintheform p, +q, V2 ,
where p, =1, g, =1,

\ truefor n=1.

Assume truefor n=Kk.

that is, (1+5) = p.+ qk../E wherep,, g, eJ,
then provetruefor n=k + 1,

k +1
that is, prove (l +"/£) = Pr+1 +Qk+1-/2_,

where p.,, O 4, €J.

_ (l+—‘/5)<+l

Proof: LHS
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() ()
= (e ral2 )+ 2)
= py +qk~/5+qk-»/z +2q,
:(pk+2qk)+(pk+qk)/E
= Pyt +qk+1"/5'

where p,,; = p, + 20,

and O ; = Py + 0y,

and p.,, and g, ., eJ,since J isclosed under addition and multiplication.

(c) Conclusion: AsinExample 1.

Example 7
Prove: De Moivre stheorem for n3 1:

(cos  +isin q)" =cos nq+isin ng.

(@) Provetruefor n=1.
LHS =cos ( +isin g

RHS =cos q+isin Q =LHS ,

\ truefor n=1.

(b) Assumetruefor n=k,
thatis , (cos Q + jsin q)k =cos k(q t+isin kq

then provetruefor n=k + 1, thatis, (cos d *isin a) " =cos (k+1)q +isin (k +1)q

Proof : LHS =(cos q +isin q)*™
=(cos q +isin ¢)*(cos g +isin Q)
=(cos kg *+isin k{)(cos g *+isin ()
=cos kqcos ( +isin qcos kQ
+icos (sin kQsin kQsin
=cos kqcos Qsin kQsin q
+i(sin kqcos g +cos k(g sin ()
=cos (kq + Q) +isin(kq +Q)
=cos (k +1)q +isin (k +1q
=RHS .

(c) Conclusion: Asin Example 1.

Prove De Moivre' stheoremfor n £ —1.
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(@) Provetruefor n=-1.

LHS =(cos g +isin Q)"

1 , cos - isin
cos Jtisind cos Q- isin Q
cos 0 - isin
coszq+sin2q
cos (- 9) +isin (- Q)
=RHS .

(b) Assumetruefor n=-k,
thatis , (cos § +isin ) =cos (- k0) +isin (- kQ) ,
then provetruefor n=—-k—-1=—(k + 1),
thatis , prove (cos (] +isin Q)'(kﬂ)
= cos [- (k +1)@] *isin [~ (k + 1)q].
Proof:
LHS =(cos q +isin ) **
=(cos q +isin () *(cos g +isin q)!
=[cos (- kq) +isin (- kqg)l[cos (- Q) +isin(- Q)]
(from assumption ) (frompart (a))
=cos (- kq)cos (- q) +isin(-kqg)cos (- Q)
+icos (- kq)sin (- Q) - sin (- kq) sin (- q)
=cos (- kq - ) *isin (- kq - Q)
=cos [-(k +1)q] tisin[- (k+1)q]
=RHS .
(c) If thetheoremistruefor n=—k itisalsotruefor n=-k — 1. Since the theoremistruefor n=—
1, it follows that it must betrue for n=-2, and so on. So De Moivre'stheorem istrue for al

integers n £ -1.

Example 8
(@ cos(a+hb) =cosacosb—sinasinb
cos (20) = cos?2q-—sinig
=1-sin’g-sing
=1-2sin%q.

cosy - cos(y +2q) .
= sn(y+q).
2snq (y+a

(b)

LHS
_cosy- cos(yt2q)

2sinq
cos y - (cos ycos 2q - sin ysin 2q)
2sinq
cosy- cosy(l-2sin?q)+siny.2sin qcos q

2snq
cosy- cosy+2sin2qcosy + 2singsin ycos g

2snq
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=sinqcosy +siny cosq
=sin(y +q)
=RHS

(c0 sing+sin3g+sinbg+.. +sin(2n—1)q
_ 1-cos2ng

2sinq
(@) Provetrueforn=1.

LHS=sgnqg.

RHS = 1- C.OS 2q

2sn q

1- (1- 2sin?q)
2snq

1-1+2sin’q
2sinq

=sing=LHS.
\ truefor n=1.
(b) Assumetruefor n=k, thatis,
sing+sin3g+sin5g+... +sin(2k-1)q
_ 1- cos 2kg
~ 2sdnq

then provetruefor n=k + 1,
that is, prove:

sing+sin3qg+... + sin(2k — 1)q + sin(2k + 1)q
_1-cos2(k+1)q

2snq

1- 2k .
Proof: LHS = M + sin(2k + 1)q
2s8nq
1- cos 2kq .
=——— +sn(2kqg+
28nq (Zkg +0)
_1- cos2kq + cos 2kq - cos(2kq+ 2q)

2snq 2snq

from part (ii)

1- cos2(k+1)q
2snq

= RHS.
(c) Conclusion: Asin Example 1.

Example 9
@ A>0, B>0 n31

A"- A"B+B"- B"A
A-B
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A"(A- B)+B"(B- A)
A-B
= An-Bn.
If A>B,then A"—B"> 0,
An+1_ Anb+Bn+1_ BnA
A- B
\ AMI_ANB+B™1_B"A>0,sinceA-B>0,
\ An+l+ Bn+l>An B+ BNA.
If B>AthenA"-B"<0and A —-B <0,
AI’]+1_ AI’]B+Bn+1_ BI’]A
\ <0,
A-B
\ AMI_ANB+B™l_BnA >0, sinceA—-B <0,
\ An+l+ Bn+l>An B+ BNA.

>0,

(b) Prove by mathematical induction that
A +B ¢’ £ A "+B"
2 o 2

(@) Provetruefor n=1.
A +B

LHS= 2 =RHS,

\ truefor n=1.

Provetruefor n= 2.

A +BG _ A2+2AB +B?
LHs =C * =
2 @ 4

AZ +|32+ AB+ BA
4 4

A2 +B2 A%+
+
4

\ ’gg+Bo 2(A +B)

\ —ng+Bo A? + B2

\  trueforn=2.

from (a),

(b) Assumetruefor n=k,

.k k k
. +B0O A"+tB
that is, ?A = < '
2 9 2

then provetruefor n=k + 1,
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L k+1 k +1 k+1

. +B A +B
that is, gBA 2 <
2 9 2

.k k k
+B A"+B
Proof gBA 9 <
2 9 2

+B(j“—SEA+B(j<aeAk+Bkb +Bg
2 66 2 8% 2 £ 2 0
k+1+AkB+BkA+Bk+

k+1
+B0o A
§A 2 <
2 9 4

But A“B +B*A <A +B*"* from (a),

1

§A+Bbk”< - N - M - Wl
2 9 4

§A+ By _ A+
2 @ 2

(c) Conclusion:
Asin Example 1, but starting n= 2.

Special case n=1.



